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Supersonic Axisymmetric Parallel Diffuser," Proceedings of the
1968 Heat Transfer and Fluid Mechanics Institute, Stanford Uni-
versity Press, 1968, pp.221-242.

10 Jabbari, M. Y., "Film Cooling Effectiveness with Normal
Injection of Air, Helium, and Freon 12 into a Mach 3 Flow of
Air," M.S. Thesis, Univ. of Minnesota, 1969.

Fig. 2 Film cooling effectiveness with, injection of refrig-
erant 12 for M = 0.0082 - 0.0115, T2 = 328 - 355°K {taking
cpoo/cpz = 1.58, and Pr^* = 0.728 and Re2 ^2/^00* = 1290

[used in Eq. (5)]}.

present data and provide reasonable agreement with the
modified theoretical models of subsonic film cooling. The
model of Kutateladze and Leont'ev [Eq. (4)], although not
realistic in its assumptions of uniform mixture and tempera-
ture across the boundary layer, predicts the experimental
data obtained with refrigerant 12 injection excellently (Fig.
2). This model also predicts the air injected data,4'10 but
fails to predict adequately the data for helium injection.
The helium injection data are approximated better by Eq. (5)
which had been used to predict subsonic film cooling effective-
ness with air and helium injection.3 Shadowgraph observa-
tions indicate that the composition of the injected gas
affects the boundary-layer thickness. This effect is included
in Eq. (5) by the molecular weight ratio in parameter ft. Re-
deriving Eq. (4) to include this effect on boundary-layer
thickness gives better agreement with the data for helium in-
jection, but the new equation, besides being complicated, does
not adequately predict the results of refrigerant 12 injection.

One can thus conclude that there is relatively good agree-
ment between the experimental data for supersonic film cool-
ing and modified theoretical models of subsonic film cooling
when a foreign gas is injected through a porous section into the
main flow.
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Undestructive Determination of the
Buckling Load of an Elastic Bar

MENAHEM BARUCH*
Georgia Institute of Technology, Atlanta, Ga.

Introduction

IT was always important to find some practical method of
determining the buckling load of a bar without destroying

it. The famous Southwell1 plot is a very important one, but it
requires loading in the direction of the bar's axis, and the
load must approach the critical value. Another method re-
cently was proposed by Horton and Struble.2 In this method
the load is applied in a direction perpendicular to the bar's
axis. By measuring the deflections or the angles of rotation of
the deflected bar, it was found that there is a connection be-
tween the buckling load and these two parameters. The
method works well in some cases but not so well in other
cases, especially when one end is laterally restricted by an
elastic spring. In this case the method ceases to be exact
enough. The reason why the proposed Horton and Struble
method fails in some cases may be as follows. (See Figs.
1 and 2.)

For the two structural systems seen in Figs. 1 and 2, the bars
and the springs at the ends are the same, but the boundary
conditions are different. When at least one of the two lateral
spring constants (ft, ft) is zero or finite, the buckling force P
enters into the boundary conditions in Fig. 1. Therefore, the
respective boundary conditions in the two cases are different.
This is probably the reason why the method proposed in Ref.
2 fails when the bar is supported on lateral springs. The
Southwell plot works well because the boundary conditions
are fulfilled all the time.

The boundary conditions in Figs. 1 and 2 are not the same,
but the spring constants (0.1, «2, ft, ft) are identical. Based
on this fact, another method which is more general and will
work in all the cases in the elastic region is proposed here.3
By loading the bar as in Fig. 2 and measuring deflections and
rotations it is possible to obtain data from which to calculate
the spring constants and then to calculate the buckling load.

Fig. 1 Spring con-
strained beam
loaded by axial force
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Spring Constants for Beam with Constant Stiffness
(see Fig. 3)

The measured deflections 8it 82 and the measured rotations
<Pi9 <PZ of the supports caused by a load Q = 1 (See Fig. 3) are
connected with the general deflection v in the following manner

(1)
(pi = (dv/dx)x=Q <p2 =

81 = (v)*=o 82 =

Using the boundary conditions of Eq. (1) one obtains
for 0 < x < a

EI(d2v/dx2) = -M(x) = Ml - A&

EI(dv/dx) = M,x - A,(x2/2] + EI<pi (2)

EIv = Mi(z2/2) - At(a;3/6) + EI&x + Elbi
for 0 < z < b

EI(d2v/dz2) = -M(z) = M2 - A2z

EI(dv/dz) = M2z - A2(z2/2) + EI<p2 (3)

EIv = M2(z2/2) - A2(z3/Q) + ^/^22; + EI82

Fig. 2 Spring con-
strained beam loaded

by lateral force Q.

By defining

(P/EI) = k2

The solution of Eq. (8) will be

y = BI smkx + B2x + £3

The boundary conditions are

EI(d2y/dx2) - aidy/dx = 0

EI(d*v/dx*) + Pdy/dx +

El(d'iy/dx'i} + a#ly/dx = 0

coskx +

(9)

(10)

for x = 0

for x = I

(11)

EI(d3y/dxs) + Pdy/dx - fay = 0

After substitution of Eq. (10) into Eq. (11) one obtains

a2k
ajc ai
— Elk2 smkl a2
0 P

ft sinM P - ft/

Elk2 0 "
- (a2k sinkl + Elk2 coskl) 0

ft ft
— ft coskl —ft

0 (12)

The equilibrium conditions require

Ai + A2 = Q, Mi — Aid — M2 + A2b = 0 (4)

The compatibility conditions require

(dv/dx)x=a = —(dv/dz)z=b, (v)x=a = (v)z=b (5)

From Eqs. (4) and (5) one obtains

'1 1
a — b
a^ ' V_
2 2
a^ _ b*_
6 6

0
- 1

0 "
1

- b
b2

2 _

A,
A,

M,

M2

Q = 1
0

- 52)

(6)

Note that every spring constant appears only in its respec-
tive row. When the beam has strong springs it is convenient,
before performing the calculations, to divide th£ row of the
strong spring by the high value of the spring constant. In
this way calculation difficulties will be avoided. For example,
for a beam which behaves nearly like a cantilever clamped at
the side x = I, it will be convenient to divide the second row of
the determinant by a2 and the fourth row by ft before finding
the buckling load. The smallest value of P for which the
determinant of the matrix becomes zero, is the buckling load
appropriate to the real boundary conditions.

For cases where the initial stresses in the bar are in the plas-
tic region it is possible to apply some of the plastic theories
for buckling, using the fact that the elastic buckling load is
known.

The spring constants of a beam with varying stiffness can
be found in a way similar to that proposed for a beam with
constant stiffness. For details see Ref. 3.

Conclusion

An undestructive method in which the buckling load of a
bar is obtained by determining the actual boundary condi-
tions was described. The spring constants, which represent

By changing the value of Q and dividing the measured end
rotations and deflections by it, better average evaluations of
<pi, <Pz, ^i and ^2 will be obtained for Q = 1.

After calculation of the boundary moments and forces, the
spring constants must be evaluated by the relations

(7)
ft = Ai/8i ft = A,/82

Better statistical values for the spring constants will be ob-
tained by changing the position of Q (a and b).

Buckling Load for Constant Stiffness

The buckling load must be calculated by satisfying the
obtained boundary conditions. The stability equation is as
usual

Fig. 3 Deflections, ro-
tations and reactions
of a spring constrained
beam loaded by a
lateral force Q = 1.

IQ--I

P(d2y/dx2) = 0 (8) AI
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the boundary conditions, are obtained from measurements
of the end deflections and rotations of the bar caused by a
lateral load.
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Fig. 2 Axisymmetric static and dynamic buckling be-
havior of shallow clamped spherical caps under uniform

pressure.

Axisymmetric Dynamic Buckling of
Clamped Shallow Spherical and
Conical Shells under Step Loads

NURI AKKAS* AND NELSON R. BATJLD Jn.f
Clemson University, Clemson, S. C.

THE purpose of this short Note is to present some ad-
ditional numerical results of the axisymmetric dynamic

buckling of clamped shallow spherical shells under step loads
of infinite duration and to present, for the first time, similar
numerical results for clamped shallow conical shells under
the same type of loads.

It is shown that when the critical axisymmetric dynamic
buckling loads for the clamped shallow spherical shell are ob-
tained for certain discrete values of the geometric parameter
X, for which this information had not been obtained pre-
viously, the axisymmetric dynamic buckling curve (PD vs X)
is modified in such a way that a striking similarity between the
axisymmetric dynamic and the axisymmetric static (ps vs X)
buckling curves becomes apparent. Indeed, it is shown that
a two-dimensional translation of the axisymmetric dynamic
buckling curve brings it into good agreement with the
axisymmetric static buckling curve for a significant range of
the geometric parameter X.

Similar, and even more striking, results are observed be-
tween the axisymmetric dynamic and static buckling curves
for the clamped conical shell under the same type of load.

The system of differential equations that govern the non-
linear axisymmetric oscillations of clamped shallow spherical
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Fig. 1 Axisymmetric static and dynamic buckling be-
havior of shallow clamped conical caps under uniform

pressure.
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and conical shells under step loads of infinite duration can be
written in the nondimensional forms

' + 4p - w (1)

= -$(w')* (2)
where

(xwf

\(X/2

for the spherical shell
for the conical shell
for the spherical shell
for the conical shell

(3)

and

)' (4)
Primes and dots over quantities signify differentiation with

respect to the nondimensional base-plane radius x and the
nondimensional time r. Finally w and <£ are nondimen-
sional transverse displacement and stress functions, respec-
tively, and p is the nondimensional load parameter.

The boundary and initial conditions for both the clamped
shallow spherical and conical caps under step loads of infinite
duration are the same as those given in Ref. 1 for the clamped
shallow spherical shell. Moreover, the numerical procedure
described in Ref. 1 is used in the present study. In order to
begin the numerical computations for the clamped shallow
conical shell, the function gi(x = 0) is assumed to be the same
as gi(x = 0) for the clamped shallow spherical shell. This is
consistent with the assumption that a spherical inclusion
exists in the vicinity of the apex of the conical cap.4 Axi-
symmetric static buckling behavior of the clamped shallow
conical shell is analyzed also by discarding the inertia term in
Eq. (1).

The axisymmetric static and dynamic buckling curves for
the clamped shallow conical shell are shown in Fig. 1 and the
corresponding numerical data from which the curves were

13 15

Fig. 3 Comparison of axisymmetric static and dynamic
buckling curves of shallow spherical caps under uniform

pressure.


